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Abstract

This paper describes one part of the work done by the LAViSta group (Laboratories in
Annecy working on Vibration and Stabilisation), dedicated to the modelling and simulation

aspects.

The first chapter deals with the finite element modelling of the mechanical structure. This step
IS very important in order to obtain the most representative model. Thus the structure is

entirely described by the mass, damping and stiffness matrices.

Then these matrices will be used to create the state-space model. The second chapter presents

both the general method and the extended method required for LAViSta problems.
Finally practical examples are presented as well as the obtained results.
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. Introduction

The objective is to create a state-space model of the mechanical structure, from a finite
element model given by the commercial software SAMCEF [1].

Therefore, using Matlab/Simulink [2], it will be possible to obtain the structure’s
dynamic response under different loads, which could be either forces due to a perturbation or
an actuator, and/or a prescribed acceleration for instance.

Finally, thanks to this representative state-space model, simulation tests of active
control efficiency and robustness can be realized.

Il. Finite Element Modelling

1) The Standard Model

Finite element modelling is of prime importance, insofar as the finite element model
(FE model) is required for the future results to be representative. In fact, the state-space model
(St-Sp model) will be built according to the FE model, namely the mass (M), damping (B)
and stiffness (K) matrices exclusively. Thus, the reader will have first to turn his attention to
this point.

For a given structure, and with the help of commercial software such as SAMCEF, the
FE model is quite simple to obtain. The general procedure (Design, material and behaviour
assigning, mesh...) not being the subject of this paper, it will not be explicitly described in
this paper. Nevertheless it finally consists in computing the matrices M, B and K, respectively
the mass, damping and stiffness matrices. In this way the fundamental equation describing the
dynamic behaviour of a structure discretized by FE is written:

M@i(t) + Bq(t) + Ka(t) = g(t) , 1)

where the q(t) state vector collects the displacements of the structure by degree of freedom,
while the g(t) vector indicates the corresponding applied loads.

2) Description of Damping

It is possible to compute the damping matrix B by using the Lord Rayleigh’s
hypothesis. It is probably one of the simplest ways to introduce damping.
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This method consists in defining a viscous proportional damping of the form:

B=a-K+6-M (2
with a and & solutions of the following equations:
&, :l(a-a)i +£j 3)
2 w,

Thus two couples of values, namely the damping ratios &, and their corresponding
circular frequencies w, (@, = 27 - f,), are required for the damping matrix B to be defined.

In a general way this method gives good results, although damping is over or under-estimated
as a function of the frequency (see figure 1).
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Figure 1: Damping ratio for Rayleigh’s hypothesis as a function of @

3) The Use of Super Element

The standard model presented above contains all the degrees of freedom (dof) of the
discretized structure. Hence if the total number of dof is equal to n, the dimension of the state
vector q(t) is equal to n, and the one of all matrices is n*n. Moreover a FE analysis contains
most of the time more than tens of thousand dof.

As a consequence the dynamic response computation can be extremely long. A way to
overcome this point is to use the Super Element method. Indeed, if the desired results in terms
of motion (acceleration, velocity, displacement) only concern specific location of the
structure, it is possible to reduce the size of the system to solve.

Two different condensation methods are available in SAMCEF for a dynamic analysis,
namely Guyan’s method and Component-mode method (Craig & Bampton). The second one
seems to be more reliable and really easier to use.
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It consists in computing the constrained modes by keeping only dof which are desired
in the results, that is to say in condensing all the others. The constrained modes are
determined by assigning, successively, a unit displacement to each retained dof, all other
retained dof being fixed.

Moreover, the influence of the condensed dof is nevertheless taken into account by
computing the internal modes, corresponding to the eigen-modes of the same structure with
the retained dof clamped. Then, these internal modes are introduced in the Super Element to
improve its quality: the behaviour of the structure in the global system can be represented by
superimposing the constrained modes and the internal modes.

Finally, for r retained dof, and m internal modes, the dimension of the M, B and K
matrices is:

(r+m)*(r+m) with p=(r+m)<<n
Note that the number of m internal modes only depends on the difference between the
eigenfrequencies of the structure (without Super Element) and the value of the first internal

eigen-frequency (with Super Element). For further information the reader is referred to the
book of J.F.Imbert [3].

lll. The State-Space Model Creation

1) The general method

The state-space model is written according to equation (1), or its equivalent form in
the case of a Super Element (square matrices of p dimension). The state-space model will
have the following form, assuming that only external forces can be applied to the model:

X = Ax+ Bu
y =Cx+ Du

Where the state vector X, the input vector u and the output vector y are defined as:

qOUt
X = {q} u=1{F} y = | o 4)
q qOUt
F

out
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Furthermore, assuming that the number of states is equal to 2p, the number of inputs is
in and the one of output is out, the matrices A, B, C and D have the following characteristics,
as illustrated on figure 2.

2p in

dim (A)= 2p * 2p
2p A B dim (B)= 2p *in

dim (C) = out * 2p
dim (D) = out * in

out C D

Figure 2: Characteristic dimensions of the state-space matrices.

According to equation (1), the acceleration vector can be written as follows:

§=-M"Bg-MKg+MF (5)

Finally, the different matrices are defined below, assuming that only external forces
can be applied to the model:

A 0 | 5 0
|-MTK -—MB Mt

I 0 0
0 I 0

-M?'K -M7'B M (©)
0 0 I

As a conclusion, a Matlab program for instance would be able to read the matrices of
the FE model, and convert them into a state-space model following the method described
above. Then, this kind of model integrated in Simulink will give the dynamic response of the
modelled structure under one or several inputs, which are only pinpoint forces.
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2) The Extended method for the LAViSta problems

The external disturbances acting on the structure are not always point forces. For
example, a structure can be disrupted by the ground motion. This is exactly the case of the
LAViSta experimental set up, which is a slender free-fixed structure. Indeed, vibrations of the
mock-up are due both to the acoustic pressure along the structure (see presentation done
during ILC 2006 conference [4]), and to a prescribed acceleration. This acceleration comes
from the ground motion and acts on the structure via its clamping.

In the general method inputs are assumed to be only pinpoints forces. That is the
reason why it is not suitable to take into account the prescribed motion. To overcome this
problem, the following solutions can be adopted.

In a FE code, the dynamic response of a structure under prescribed acceleration g, (t)

is computed according to the following way. First, the corresponding prescribed velocities
and displacements are numerically integrated:

A, (t) = [ 6, (z) - dz and A, (t) = [, (z) - dz (7

Then the system to solve is now written:

|:Mll M12:|{ql}+|:811 BlZ:|{ql}+|:Kll KlZ:qu}:{ gl(t) } (8)

M 21 M 22 qZ BZl BZZ q2 K21 K22 qZ - r-2 (t)

where the index 2 stands for the dof where acceleration is applied and index 1 for all other dof
of the model. Moreover, g, (t) represents the possible external point forces.

The first equation of the system (8) allows the dynamic response computation,
provided one carries over the right hand side forces of inertia, dissipation and stiffness
associated with the prescribed motion:

M11‘q1+811‘Q1+ K11'q1 = gl(t)_Mlz qz _Blz 'Q2 _Klz 0, (9)

Hence, in a general way, the input vector u of the state-space model will put together
the terms of point forces and the terms of forces of inertia, dissipation and stiffness, which
corresponds to the right hand side terms of equation (9).

Consequently, if a prescribed acceleration is applied, dimensions of A, B, C and D are
fixed as illustrated by figure 3, and this whatever the number of point forces as additional
input. The B and D matrices become bigger in this case. The only parameter is from now on
the number of outputs out.
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2p p

dim (A)= 2p *2p
2p A B dm (B)= 2p*p
dim (C) = out * 2p
dim (D)= out*p

out C D

Figure 3: Characteristic dimensions of the state-space matrices in case of prescribed
acceleration

Practically, to have access to the additional forces (inertia, dissipation and stiffness),
that is to say the three termsM,, B,, andK,, , it is possible not to fix in the FE model the dof

which are clamped in reality. Thus the previous terms will explicitly appear in the matrices
M, B and K. However, once used for the definition of the input vector u, these terms have to
be deleted from M, B and K, to getM,, B,; andK,, .

IV. Practical examples of state space model use in
Simulink

The generic form of state-space model representation with Simulink is shown below
(figure 4).

in 1 - Lﬂ,
2| X=Ax+ Bu [oz

Cx+ Du | oo

in “" y
—_—

Figure 4: Block representation of the state-space model in Simulink

This simple representation allows a simple use of the model and an easy calculation of
the response. Note that in the following examples, the state-space model is discretized.
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1) Simple dynamic response computation

In order to illustrate the possibilities given by such a model, figure 5 shows the block
representation realized with Simulink.

P’_‘I_EI_, y(r)=Cx(n)+Du(n) <
X(n+1)=Ax(n)+Bu(n)

Perturbation Discrete State-Space Velocity

Figure 5: Simulink representation for calculation of the process response

The state-space model represents a free-fixed structure, for which a sinusoidal load
(called “Perturbation” on figure 5) is applied at the free extremity of the structure (single
input). As a result the velocity of this point (single output) is presented on figure 6.
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Figure 6: Velocity of the free extremity of the structure as a function of time

Figure 6 describes the response of the structure under sinusoidal force, whose frequency
corresponds to its first eigenfrequency. As a result a resonance phenomenon can be observed.
The response has a sinusoidal shape (of same frequency), whose magnitude is given by the
damping ratio determined by Figure 1. For a longer simulation, a steady state would be
observed.
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2) Dynamic response associated with active control

The objective of the study was to be able to predict the dynamic response of a given
structure, under perturbations like loads or prescribed acceleration, and especially to check the
efficiency and the robustness of the active control algorithm. The computation process is
presented in Figure 7. The rejection method and the algorithm will not be explained in this
paper, but can be found in the LAViSta paper [5].

O]
[_'v'!, y(n)=Cx(n)+Du(n) > 1
Perturbation x(n+1)=Ax(n)+Bu(n)

Discrete State-Space Velocity

Controller

Figure 7: Simulink representation of the process’ response calculus, including the controller

As an illustration, figure 8 shows the beginning of the active control of the free-fixed
structure, as a function of time. Note that the motion of the structure is still due to a sinusoidal
load (resonance frequency) and that, for reasons of understanding, the controller is activated
when the process is in steady state. Indeed, without active control, the motion would be the
same as long as there is a perturbation force. As a result of the active rejection, the velocity

magnitude decreases.
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Figure 8: Velocity of the free part, without and with active control, as a function of time.
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The above result illustrates the simulation of the whole system, namely dynamic response and
active control. The aim of the present paper was to explain how to realize a state-space model
especially in order to test accurately the active control algorithm. For further information
concerning the latter and to see vibration rejection results, the reader is referred to the
presentation done during ILC 2007 conference at DESY [6].

-9-
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V. Conclusions and future prospects

Note that the computation of dynamic response of structures can be achieved directly in
the FE code. Typically the system corresponding to the dynamic equations can be solved
either by direct integration (using integration schemes as Newmark, HHT...) or by modal
superimposition. It is also possible to link the calculation of the response with the active
control algorithm (from Matlab) by translating the program with the help of a FORTRAN
compiler.

Nevertheless, computing the response with Simulink (through a state space model) is
much more advantageous. Indeed, most of the time, once the FE model is done, it is left
unmodified, whereas it is often necessary to fit some parameters of the algorithm and to check
their influence on the response. Doing this with Simulink is much simpler and faster,
particularly since the evolution of almost every rejection parameters can be displayed. On the
contrary, all of them cannot be monitored with Samcef. Note however that if stresses and
strains are required, Samcef is still the most efficient.

Concerning the future prospects, given the motion is available everywhere along the
structure (as many outputs as wanted), and given applying a load is as well possible
everywhere on the structure (as many inputs as wanted), a new study can be considered:
multi-sensors and multi-actuators techniques. Moreover it would also be interesting to add a
model of the(s) actuator(s), through its transfer function for instance, in order to have an even
more representative model, and to get more accurate results.
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